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Abstract—Betweenness centrality of a node represents its influ-
ence over the spread of information in the network. It is normally
defined as the ratio of the number of shortest paths passing
through the node among all shortest paths. However, the spread
of information may not just pass through the shortest paths which
is captured by a new measure of betweenness centrality based on
random walks [1]. The random walk betweenness centrality of a
node means how often it is traversed by a random walk between
all pairs of other nodes. In this paper, we propose an O(nlogn)
time distributed randomized approximation algorithm for calcu-
lating each node’s random walk betweenness centrality with an
approximation ratio (1—¢) where n is the number of nodes and ¢
is an arbitrarily small constant between 0 and 1. Our distributed
algorithm is designed under the widely used CON'GEST model,
where each edge can only transfer O(logn) bits in each round.
To our best knowledge, this is the first distributed algorithm for
computing the random walk betweenness centrality. Moreover,
we give a non-trivial lower bound for distributively computing the
exact random walk betweenness centrality under the CONGEST
model, which is Q( foan T D) where D is the network diameter.
This means exactly computing random walk betweenness cannot
be done in sublinear time.

I. INTRODUCTION

In order to quantify the importance of a node in the network,
various centraility indices have been proposed and they are
playing an important role in network analysis [2]. Among these
centrality indices, the study of betweenness centrality has gar-
nered an increasing attention due to its wide applications [3]
and its inherent high computational complexity [4]. A node’s
betweenness centrality value can be roughly regarded as its
influence over the spread of information in the network. There
are mainly two types of definitions of a node’s betweenness
centrality: One is called the shortest path based betweenness
centrality (abbreviated as shortest path betweenness) [S] which
only accounts for the spread of information along the shortest
paths between each pair of nodes; If the information is
spread not just on the shortest paths but via random walks,
this is called the random walk based betweenness centrality
(abbreviated as random walk betweenness) [1]. The random
walk betweenness was first proposed by Newman in 2005 and
since then it has been widely employed in the network analysis
community [6].

Formally, the shortest path betweenness of v (denoted as
Cp(v)) is defined as C(v) = ZS## ost(v)/os where o
indicates the number of shortest paths from s to ¢ and o (v)
indicates the number of shortest paths from s to ¢ passing
through v.
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The state-of-the-art centralized algorithm to compute short-
est path betweenness is the Brandes’ Algorithm [4], which can
calculate all the nodes’ shortest path betweenness centralities
in O(nm) time where n is the number of nodes and m is the
number of edges in the unweighted graph. The time complex-
ity could be O(n?) which is unacceptable for large graphs with
hundreds of millions of nodes. In our previous work, we have
proposed an O(n) time distributed approximation algorithm
to compute the shortest path betweenness with approximation
ratio (14 -1) (c is a constant) under the CONGEST model
where each edge can only transfer O(log n) bits in each round
[5]. We have also proved that the lower bound of distributively
computing shortest path betweenness is Q(& + D) where
D is the network diameter, indicating the proposed distributed
algorithm for shortest path betweenness is nearly optimal.

As shown in the definition of the shortest path betweenness,
it only considers the shortest paths for flowing the information.
However, when a node starts propagating the information, it
might not know the shortest path between a source and a
destination which makes it difficult to decide which node for
routing. In addition, as indicated in [7], in most networks,
the information indeed is not spread only along the shortest
paths. Taking Fig. 1 as an example, nodes A and B have high
shortest path betweenness centralities, since every shortest
path between the two groups passes through node A and node
B. On the other hand, node C does not lie on any shortest
path between the two groups, so it has a low shortest path
betweenness centrality. However, in most realistic situations,
node C would play an important role in information flows. It
is possible that information does not only flow through the
shortest paths but also through other paths.

In respond to the above observation, Newman proposed
a new measure of betweenness centrality based on random
walks, i.e., the information is flowing along the random walks
[1] instead of restricting on only shortest paths. Roughly
speaking, the random walk betweenness of some node i is
the total number of times the random walk from the source
node s to the destination node ¢ passing through it, averaged
over the random walks for all pairs s and t.

Since computing random walk betweenness needs to know
all possible paths between two arbitrary nodes, it is harder
than computing shortest path betweenness. In [1], Newman
proposed an O((n + m)n?) time algorithm to compute ran-
dom walk betweenness by using matrix operations. The time
complexity could be O(n*), making it unacceptable for large
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Fig. 1. Nodes A and B have high shortest path betweenness centralities in
this graph but node C does not.

graphs. In our previous paper [5], we have shown it is possible
to distributively computing shortest path betweenness in linear
time. Thus, a natural question is if we can also devise a
linear time distributed algorithm to compute random walk
betweenness. In this paper, we answer this question positively
but using a completely different method from [5].

Notice that the trivial method that asking a designated node
to collect all the other nodes’ neighbors information and then
letting the node calculate the betweenness centrality values
locally cannot get efficient algorithms, as this method needs
O(m) time under the CONGEST model.

In summary, our contributions are as follows:

1) We propose an O(nlogn) time distributed approxima-
tion algorithm to compute random walk betweenness
centralities of all nodes with an approximation ratio
(1 — €) where € is an arbitrarily small constant between
0 and 1. To our best knowledge, this is the first non-
trivial distributed algorithm for computing the widely
used random walk betweenness centrality.

We also prove an Q(5z,; + D) lower bound for ex-
actly computing random walk betweenness under the
CONGEST model, no matter whether the algorithm
computing it is deterministic or randomized. This result
means that exactly computing random walk betweenness
cannot be done in sublinear time.

2)

The remainder of this paper is orgnized as following: The
related works are given in section II. The system model and the
problem definition are given in section III. In section IV, we
introduce the matrix expressions of random walk betweenness
first proposed by Newman. The challenges of designing a dis-
tributed random walk betweenness algorithm are introduced in
section V. In section VI, we propose our distributed algorithms
under the CON'GEST model. We analyse the correctness and
the efficiency of our algorithms in section VII. In section
VIIL, a non-trivial lower bound of distributively computing
random walk betweenness is proposed. We conclude the paper
in section IX.

II. RELATED WORKS

In this section, we will first introduce three centrality indices
closely related with random walk betweenness, including
network-flow betweeness centrality, pagerank and «-current
flow betweenness centrality; then we will introduce recent
works on distributed random walk algorithms.

A. Network-Flow Betweenness Centrality

The network-flow betweenness centrality was proposed by
Freeman et al. in [8]. A node’s network-flow betweenness is
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defined as the amount of network flow through it when the
maximum flow is propagated from the source node s to the
destination node ¢, averaged over all pairs of s and ¢. Like
random walk betweenness, the network-flow betweenness does
not only take the shortest paths into account, but also the other
paths. However, as seen in the definition, if a node wants to
calculate the network-flow betweenness, it must “know” the
ideal route, i.e., the maximum flow needs to be known. But in
reality, the information is not always propagated by the ideal
route.

Since the maximum flow problem can be calculated in
O(m?) time by using the augmenting path method in [9],
all nodes’ network-flow betweenness centralities can be cal-
culated in time O(nm?). For distributed algorithms, we can
use the very recent result in [10] to solve the approximate
maximum flow problem in time O((D + /n) - n°1)), and
then to compute the approximate network-flow betweenness
centralities for all nodes in time O((D + y/n) - n'ToM).

B. Pagerank

A similar definition with random walk betweenness is
pagerank, which was proposed by Larry Page et al. in [11].
The pagerank of all nodes is calculated by the stationary distri-
bution vector of the following random walk: with probability e,
the random walk starts at a uniformly selected node, and with
probability (1 — €), the random walk flows from the current
node to a random neighbor.

A typical centralized algorithm to compute pagerank is as
following: Each node holds N random walks starting at it
and these random walks have stop probability €. Then each
node estimates its own pagerank as a fraction of N random
walks ending at it (cf. Algorithm 2 in [12] ). As for distributed
algorithms, Sarma et al. proposed a distributed algorithm to
compute PageRank in O(logn/¢) time w.h.p (with probability
greater than 1 — 1/n® where ¢ > 1) under the CONGEST
model, where ¢ is the reset probability used in PageRank
computation which is a fixed constant [13].

Comparing to the definition of random walk betweenness
centralities whose random walk lengths are infinite, the lengths
of random walks in pagerank computation are much smaller.
We can easily find the expectation lengths of the random
walks are 1/e. Thus, the problem to compute the random walk
betweenness is more difficult than to compute pagerank. And
we cannot simply use the distributed algorithms for computing
pagerank to calculate the random walk betweenness centrality.

C. a-Current Flow Betweenness Centrality

The random walk betweenness can be also called the current
flow betweenness due to its analogy to current flow [1]. In [14],
the authors proposed a variant of current flow betweenness
called a-current flow betweenness centrality. In this new
measure, random walk betweenness is given a parameter «
indicating that for all random walks starting at a node, only
the fraction of a of them do random moves to its neighbor(s),
which can bring down the high cost of computing random
walk betweenness.



For computing the a-current flow betweenness, the authors
in [14] proposed an O(mlogne 2loge/loga) time central-
ized approximation algorithm within an absolute error of €
with arbitrarily high fixed probability. For distributed algo-
rithms, since the definition of the a-current flow betweenness
is in the spirit of pagerank, we can use the techniques in [13]
to distributively compute a-current flow betweenness in time
O(logn/(1 — @)).

D. Distributed Algorithms for Random Walk

There are some distributed algorithms for computing ran-
dom walk which is to output the destination node ID when
performing a given [ length random walk from a starting
node under the CONGEST model. The authors in [15]
gave a distributed algorithm with time O(v/1D) where O
means a polylog(n) factor is hidden and D is the network
diameter. The key insight of this algorithm is that instead of
performing the long length random walks, it performs many
short length random walks simultaneously. Then “stitching”
the short random walks together to get the destination node
ID. They further extended their algorithm into performing %
independent random walks in time O(v/kID + k), and proved
the lower bound of performing I-length random walk is Q(v/1).
In [16], Nanongkai et al. further proved an unconditional lower
bound of O(!) length random walks in networks with diameter
D is Q(v/DI + D) when D <1 < (n/(D?logn))*/*, which
indicates the upper bound in [15] is optimal.

Compared with the random walk betweenness problem, the
distributed algorithms for the random walk problem cannot be
easily utilized due to the following reasons: (1) The random
walk problem only asks to output the destination node ID,
but the random walk betweenness problem asks each node to
count the number of times the random walk passing through it.
(2) The lengths of random walks in random walk betweenness
computation can be infinite so that we cannot divide them into
short lengths random walks.

III. SYSTEM MODEL AND PROBLEM DEFINITION
A. System Model

Given an undirected graph G = (V, E), where V (|V| = n)
denotes the set of nodes and E (|E| = m) means the set
of edges. Each node can be represented by an O(logn)-bit
size unique identifier (ID). The node u € V' can only directly
communicate with its neighbor v € V' where {u,v} € E. If
u € V needs to communicate with v € V' where {u,v} ¢ E,
the message must be propagated along the nodes of a path
fromueVitoveV.

In the system, we assume synchronous communications
and each node performs the distributed algorithm on its own.
The communication happens on the synchronized and discrete
pulses and the time between two successive pulses is denoted
as a round. In each round, each node can only send an
O(logn)-bit size message to its neighbors. In addition, the
system limits that only a constant number of messages can be
transmitted on each edge in each round, i.e., the bandwidth
of each edge is also O(logn). This communication model
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is called CONGEST and it has been widely recognized in
the distributed computing community [17]. Compared with
the LOCAL model where each edge can transmit unbounded
size of messages, designing low time complexity distributed
algorithms under the CONGEST model faces a big chal-
lenge.! Here the time complexity of an algorithm means the
number rounds the algorithm used when all nodes terminate.
Note that the time complexity does not take each node’s local
computation time into account.

B. Problem Definition

Consider about a “message”, which could be any kind of
information generated by a node s in a network, it intends to
go to a target node ¢, but it does not know where ¢ is. So it
only performs random moves until it finds itself at target node
t. Thus, in each round, the “message” randomly chooses an
adjacent node with uniform probability from its current node.
This is the so called “Random walk”.

The random walk betweenness centrality of node ¢ is the
expected net number of times the random walk passes it for a
node pair s, ¢, averaged over all s,¢ pairs. By “net” we mean
if a walk passes through a node and then passes back through
it later in the opposite direction, the two cancel out and there
is no contribution to the betweenness. This is necessary since
we need to guarantee that a node cannot increase its random
walk betweenness by simply let a random walk pass it back
and forth.

Besides proposing the random walk betweeness measure,
Newman also presented matrix expressions of this new mea-
sure to facilitate its calculations [1]. Our distributed algorithms
will be built upon these matrix expressions. However, we need
to stress that devising an efficient distributed algorithm on the
matrix expressions will be a non-trivial task where the details
will be given in sections V and VI.

IV. MATRIX EXPRESSIONS OF RANDOM WALK
BETWEENNESS

Given a network whose adjacency matrix is denoted by A,
where:

A= 1 there is an edge between ¢ and j,
7710 otherwise.

Note that > ; A;; = d(i) where d(i) is the degree of i.
Consider an “absorbing random walk” starting from s and will
terminate when it arrives at a target ¢t. Before the absorting
random walk terminates, it does random moves around the
network. If the random walk finds itself on node j at some
point, then the probability it will appear on node ¢ is given
by:

(1

_ Ay

Y ()

In matrix notation, we can write M = AD™!, where D is
diagonal matrix with D;; = d(1).

, for j #t. )

'Most distributed problems can be easily solved in O(D) rounds in the
LOCAL model since a node can collect the whole graph information in
O(D) rounds. This is not true under the CONGEST model.



In Eq. 2, the only exception is when j = ¢, the probability
will be 0, since when random walk arrives at t, it will be
absorbed (this random walk will stop at t). So M;; = 0 for
all 7. Thus, we can remove the t-th row from matrix M. And
the ¢-th column can also be removed without affecting any
transitions between other nodes. Let M; be the matrix with
all these elements removed, and similarly for A; and D;.

Let Mj denote the r-th power of matrix M;. Now for a
random walk starting from s, the probability it finds itself at
Jj after r steps is given by [M}];,, the probability it moves
to a random adjacent node ¢ in next step is denoted by
d(j)~[M7];s. The total probabilities from j to i is computed
by summing over all values of r from 0 to oo, i.e., the length of
random walk is from 0 to co. So we get the total probabilities
each node is visited by the random walks starting from s as
vector R:

R=D;'-I-M,) ' s =(D;,—A) s (3

where each element s; in the source vector s is defined by:

{

But we find there is a node ¢ which is 0 (since random
walks arriving at ¢ are absorbed) is missing in the vector R.
To represent this, we add the ¢-th row and column back to
the resulting matrix (D; — A;) with values all equaling 0.
We denote the resulting matrix as T. Let Vi(‘gt’) denote the
difference between the total probabilities of random walks
arriving at ¢ from source s and target ¢, then Vi(St) is given in
terms of elements in T by:

VI =Ty, - T

1 wheni=s,

S; —

“

0 otherwise.

®)

Now the difference between the total probabilities of a
random walk through j and ¢ for source s and target ¢ is given
by the absolute difference \Vi(St) - V;St) |, and this difference
can also be regarded as the “net” flow in the random walk
betweenness centrality’s definition. So the total “net” flows
passing through ¢ for source s and target ¢ is:

sty _ 1 (st)  1r(st)

VRS §ZAz‘j|Vi -V
1 (©6)
=5 > Ai|Tis = Ty = Tys + Ty for i # s, .

J

As shown by Eq. 6, this expression does not satisfy the
situation when the computing node is the source or the target.
But these nodes also have full fraction of random walks which
is one unit, and they can be written as:

169 = 1,18 = 1. ™

Then the random walk betweenness centrality of ¢ is defined
as the average of the total probabilities that random walk
passing through ¢ over all possible source/target pairs:

(st)
_ Zs<t Iz

‘T sn(n—1)

®)
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The notations used in this paper are briefly summarized in
Table I.

TABLE I
NOTATIONS AND THEIR DEFINITIONS

Notation Definition
A The adjacency matrix of network (Eq.2).
d(z) The degree of node 4.
M The transition matrix of network (Eq.2).
D The diagonal matrix where D;; = d(4).
M; The transition matrix M without the ¢-th row and column.
Ay The adjacency matrix A without the ¢-th row and column.
D The diagonal matrix D without the ¢-th row and column.
My The r-th power of matrix IM;.
s The source vector. (Eq.4)
T The resulting matrix of (D¢ — A¢) L.
T Adding back the ¢-th row and column to T.
R The resulting matrix defined by Eq.3.
V.(St) Node ¢’s probabilities difference value for pair (s,t) (Eq.5).
IESt) Total “net” flow through ¢ for pair (s,t) (Eq.6 and Eq.7).
b; Random walk betweenness centrality of node 7 (Eq.8).
[|A]]1 [|A]|1 the 1-norm of a matrix A.

S

- The count number of visits from source s on v.

V. CHALLENGES OF DISTRIBUTIVELY UTILIZING THE
MATRIX EXPRESSIONS

Although the matrix expressions can be used to facilitate
the calculation of random walk betweenness in a centralized
manner [1], designing an efficient distributed algorithm under
the CONGEST model is still a challenging task:

1) Itis hard to calculate the inversion of matrix in Eq.3. The
reason is computing the inversion of matrix (I — M)
needs to sum up the M} where r is from 0 to oo,
meaning the length of random walk is from 0 to oo.
If the length of random walk can be oo, i.e., the random
walk will never stop so that we cannot precisely count
how many times a node is passed through by the random
walk. Meanwhile, if we use the trivial algorithm men-
tioned before, which asks a designated node to collect all
the other nodes’ neighbors information and then let the
node calculate the betweenness centrality values locally,
the time complexity is as high as O(m) which is too
time consuming.

In the matrix expression, we need to calculate the
probability a random walk from a given node to another
node. If we transfer the probability value, there will
be two issues: First, in each “step” (we call a random
walk moves from a node to one of its neighbors as “one
step”), each node needs to transfer all the probabilities
that random walks from the other nodes to it, which
are n — 1 messages, to its neighbors. Comparing to
the time of doing random walk which is just O(1) in
each step, the probabilities transferring operation needs
O(n) time, which is too high. Second, the value of the
probability can be very small, but each edge can only
transfer O(logn) bits each round, leading to the value
cannot be transferred precisely. So we decide to use
the random walk process to simulate the procedure of

2)



calculating probabilities. But we need to solve the issue
that how many random walks are needed to simulate the
probability.
We will show how to slove these challenges in the following
sections VI and VII.

VI. DISTRIBUTED RANDOM WALK BETWEENNESS
ALGORITHMS

In this section, we will first give the intuitive ideas and
the algorithms overview, and then we will give the detailed
algorithms.

A. Algorithms Overview

In the matrix expressions for computing the random walk
betweenness, we find that by Eq. 5, the total probabilities
(‘/i(St)) that the random walk passes through a node i for
source s and target ¢ can be calculated by the difference
between the total probabilities (7;s) that a random walk
starting at s ending at ¢ and the total probabilities (7;;) that a
random walk starting at ¢ ending at ¢. So for each source s, we
just need to hold one random walk and let it do random moves
around the graph. And for each node, it just needs to compute
the total probabilities that the random walks pass through it
starting from the other nodes. Thus it obviates the need to
compute O(n?) random walks for each pair (s, t) (cf. Eq.8).

In response to the first challenge, instead of performing
infinite length random walks, in our algorithm, we impose
a bounded length constraint [ (decided later) on the random
walks. The main idea of our algorithm is as following. Since it
is identical to choose any node as a target node (a random walk
will terminate when it arrives at the target node), we just need
to choose one node as target ¢ rather than choosing every node
as a target. This process is the same as randomly removing
the ¢-th row and the ¢-th colmun in the matrix experssion.
After that, each node ¢ can compute the total probabilities
from ¢ to s (T,s). In response to the second challenge, we
calculate the probability by the fraction between the times
that random walks starting at s passing through node i and
the total number of K (decided later) random walks starting
at s. After each node ¢ computes T, for all s, it can compute
its own Vi(szt> by Eq.5. Then, each node can compute the total
“net” flows through it by Eq.6. Finally, they can compute their
own random walk betweenness by collecting all their neighbor
j’s Vj(St) by Eq.8.

B. Detailed Algorithms

Our algorithms are broken into two phases, which are shown
in Algorithm 1 (the counting phase) and Algorithm 2 (the
computing phase) respectively. As shown in Algorithm 1, each
node counts the number of times the random walks starting
at each source passing through it. In Algorithm 2, each node
computes its own random walk betweenness using the counts
it gets in the counting phase.

In Algorithm 1, first, every node v maintains a parameter &;
for each source s, where £ indicates the number of times the
random walks starting at s passing through v. Then randomly
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choose a node ¢ as a target, random walks will be absorbed
when arriving at it (line 2). Each node holds K random walks
for target t, and each random walk has a parameter length
which initially is / (line 3). Each random walk knows which
node is its source. In each round, each random walk goes
to a random neighbor independently with the probability 1/d
where d is the degree of the node. If there is more than one
random walk needed to be sent to the same neighbor, randomly
choose one of them and send it to the neighbor (line 6). If that
random walk arrives at ¢, then it will terminate, otherwise the
length of it decreases by one. When the length of a random
walk becomes zero, it will terminate too (lines 7-9). When
a node v is visited by a random walk whose source is s, the
count number of visits of source s (i.e. &) increases by 1 (line
10). Since by Eq.6, the “net” flow from a node to its neighbor
is calculated by the difference between them, we do not need
to record the random walk’s direction. When all random walks
terminate, every node will hold the number of visits starting
at each node. Then each node sends all its count numbers to
its neighbors, and uses the count it receives to compute the
random walk betweenness (Algorithm 2).

In Algorithm 2, each node first divides all counts it stores by
its node degree (line 1). Then each node transfers all the counts
to its neighbors (line 2). After that, random walk betweenness
can be computed by each node (lines 3-4).

Now the remaining issue is to decide both the [ and the
K values where [ is the random walk length and K is the
number of random walks each node should perform. This will
be elaborated in the next section.

VII. ALGORITHM ANALYSIS

In this section, we will analyse the correctness and the
efficiency of our algorithms. Specifically, we will first prove
when [ = O(n), the multiplicative error will be a constant
(1 — €) where € is an arbitrarily small constant between 0
and 1. Then we will prove that when the number of random
walks starting at each node is K = O(logn), each node can
estimate its random walk betweenness w.h.p. After proving all
the above issues, we will show that our algorithm can compute
the random walk betweenness of all nodes in O(nlogn) time
w.h.p.

A. Correctness Analysis

We first prove the number of random walks is decreasing
during the execution of the algorithm, since the random walks
will be absorbed by the target node.

Lemma 1. Given a random walk starting at a random node
s, it will be absorbed when it arrives at node t. Then after D
rounds, the total probabilities at each node except for t are
less than 1.

Proof. Suppose the random walk starts at node s. Since the
random walk moves to a random neighbor in each round, after
D rounds, the probability from s to ¢ is larger than 0, i.e., the
total probabilities at the other nodes are smaller than 1. [



Algorithm 1 Each node counts the number of random walks

passing through it

Input: Number of nodes n

Output: For each node v and each source s # ¢, the number

of visits of random walks £ starting at s.

1: Each node v maintains a variable £ to count how many
times the random walk starting at s passing through it.
Initially, £ = O indicates there is no random walk starting
at s has passed through it.

: Randomly choose a target node .

: Each node s maintains K random walks starting at it,
where each random walk maintains source = s and a
parameter length = [ (See Theorem 1 and Theorem 3 in
section VII for detailed [ and K values).

: while Some random walk does not terminate do

Each node s maintaining at least one random walk
does the following in parallel:

For each random walk of node u, choose a random
neighbor v, then send it to node v. If there is more than one
random walk needed to be sent to v, just send a random
walk to v randomly.

7: for Each node u receiving random walk RW do

8: if w is the target node ¢, or RW.length == 0 then
9: The random walk RW terminates.

10: else

11: s = RW.source

12: s=&+1

13: end if

14: u maintains RW.

15: RW.length = RW.length — 1

16: end for

17: end while

Algorithm 2 Compute random walk betweenness

Input: For each source s, each node v knows how many times
the random walks strating at s passing through itself (£)).
Output: Each node i computes its own random walk be-
tweenness b;.
1: For each node v, dividing all the counts on it by its degree
d(v), i.e., for each source s, & = &5 /d(v).

2: Each node v sends the updated counts to its neighbors
N(v).

3 BEach node i computes IV as 1Y =
%ZjeN(i) & —& — & + & for all st # i If
i==sorit===t, IiSt) =1.

4: Each node 7 computes its own betweenness centrality b;
as b, = Zs<t IiSt

§ 0= 1Kn(n—1)"

Then in the following Theorem 1, we will prove the
approximation ratio is (1 — €) when [ = O(n), which gives a
solution to the first challenge in section V.

Theorem 1. Given a random walk starting at a random node
s, it will be absorbed when it arrives at node t. Then after
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O(n) rounds, the remaining fraction of the random walks is
at most € in our algorithm.

Proof. Let M be a transition matrix of random walk, where
[M];; expresses the random walk will move to node 7 when
its current position is at node j. We should remove the ¢-
th row and the ¢-th column of M, since the random walk is
absorbed by ¢ when it arrives at {. Denote M, as the matrix
with these elements removed. Now we assume a random walk
starts at s, and denote [M7];, as the probability at node j after
r rounds. Denote ||A[|; as the 1-norm of a matrix A, which
is the maximum absolute column sum of the matrix, i.e.:

n
1Al = max 37 14y
=1
By Lemma 1 we know:

IMP ||y < 1, )

since after D rounds, the total probabilities at each node except
for ¢ are less than 1. Denote A and x as the eigenvalue and
the eigenvector of a matrix, respectively, i.e., Ax = Ax. And
we have:

AFx = )\kx, (10)
which means the eigenvalue of the matrix A is the k-th power
of matrix A’s eigenvalue.

By Eq.9 and Eq.10, the matrix’s maximum eigenvalue is not
greater than its 1-norm. We know the maximum eigenvalue of
M is less than one, i.e., all eigenvalues of the matrix M, are
less than one. Write the matrix M, as jordan canonical form:

M, =PJP ! (11)

where P is a constant matrix and J is a block diagonal matrix
like:
J1
J=
Ik

and the block J; is a square matrix of the form:

Ai

where \; is i-th eigenvalue of M,. So after k£ rounds, the
probability at each node except for ¢ is:

MF =pJP!

(12)
=PJpL

So without loss of generality (w.l.o.g), we will find the
maximum element in matrix J*, and let it equal Ae. To find



the maximum element in J*, w.l.o.g., suppose J has only one
(n—1) x (n—1) block Jmax and k& > n — 1. And we have:

Nowx (1) M (n22) M
3t = M ()M - ,
' (1) M
)\fnax
where (’;) =TI, % is the binomial coefficients.
Since (’;) < %)‘”
(k) )\k—ac < (%)r . )\kfac
x xk (13)
R ok
= (—)" A"
)

To find the maximum value in J*, we first compute the
maximum value in function f(x) (;—’;\)‘)\k, where 0 <
x < n—2. Notice that f(x) is monotonically increasing when
0 <z <n—2,s0 when z = n— 2, the function gets its maxi-
mum ((nf’;) )\)(”_2))\]“. To prove the remaining fraction is not
greater than ¢, we let the maximum value equal A¢, i.e., we find
the value k to let function f(k) = ((ni’;))\)(”_z))\k =)e
Using the common log on both sides gives:

k
In(( (n i 2))\)(”_2))‘k)
—(n-2)(1+lnk—In(n—2)—InA) +klnxr ¥
=Ine+InA.

where A and e are constants. So we can get k = O(n), i.e.,
after O(n) rounds, the remaining fraction of random walks is
at most e.

O

Theorem 2. The relative error of random walk betweenness
computed by our algorithms is (1 — €).

Proof. Since after [ rounds, which we have proved to be O(n)
in Theorem 1, the random walks that have not been absorbed
will do random moves until they are absorbed, and we have
proved that the fraction of remaining random walks is at most
€. So what we do not take into account is the e part of the total
random walks, i.e., the relative error is equal to (1 —¢)/1 =
(1—ce). O

Finally, in the following Theorem 3, we will prove when
each node holds O(logn) random walks, i.e., K = O(logn),
the algorithm will get its result w.h.p. This gives a solution to
the second challenge in section V.

Theorem 3. Given a source node s, if there are O(logn)
random walks starting at it, then each node will get the
expected number of times that a random walk staring at s
passing through it w.h.p.

Proof. Denote the random walks starting at s passing through
i as X, the expected number of times a random walk starting at
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s passing through node i is F(X). By the two-sided Chernoff’s
Bound (e.g. in [18], Corollary 4.6), for any X

PIJX ~ B(X)| > E(X)] < 2exp(~ - E(X).

Notice that E(X) = ¢K where ¢ is a constant and K is the
number of random walks starting at each node, and ¢ is an
arbitrary constant between 0 and 1. So let K = clogn/ (%)
O(logn), we get:

P[|X - E(X)| > 0E(X)] < 2exp(—clogn) = 2n"°.

It indicates when K = O(logn), we can simulate the proba-
bility from a node to another node w.h.p. O

Theorem 4. Our algortihms satisfy the CON'GEST model.

Proof. In Algortihm 1 and Algorithm 2, each message con-
tains O(logn) bits, and each edge in each round only transfer
O(1) messages. So Algortihms 1 and 2 satisfy the CONGEST
model. O

B. Efficiency Analysis

In this subsection, we will analyse the time complexities of
our algorithms.

Lemma 2. Algorithm 1 requires O(nlogn) time.

Proof. From Theorem 1 and Theorem 3, in Algorithm 1, each
node holds K = O(logn) random walks, and each random
walk has length of [ = O(n). So the total time of Algorithm
1is O(Kn+1) = O(nlogn). O

Lemma 3. Algorithm 2 requires O(n) time.

Proof. In Algorithm 2, each node holds one count for each
source, so the total number of counts is O(n). In each round,
each node sends one count to its neighbors, so it takes O(n)
time to transfer all the counts to its neighbors. Thus, Algorithm
2 takes O(n) time. O

Theorem 5. Each node can compute its own approximated
random walk betweenness with an approximation ratio (1 —e€)
in O(nlogn) time.

Proof. Tt is obvious from Lemma 2, Lemma 3 and Theorem
2. O

VIII. LOWER BOUND

In this section, we will give the lower bound of computing
random walk betweenness centralities of all nodes under
the CONGEST model, where each edge can only transfer
O(logn) bits in each round. The key insight of the proof is to
find the lower bound of deciding the random walk betweenness
of a node is 2z (explained later) or larger than z.

Theorem 6. For any network with n nodes, any distributed
randomized algorithm A computing exact random walk be-
tweenness of any node requires at least Q(=2— + D) time

logn
under the CONGEST model. ¢

To prove Theorem 6, we need to give some existing results
in “Communication Complexity” (abbreviated as cc) and its



use in the lower bound proof for distributed graph problems.
First, we give the definition of “Communication Complexity”,
which in general is to ask how many bits are needed to solve
a distributed function computing problem.

Definition 1. (Two-Party Communication Complexity [19])
Given two players Alice and Bob where Alice has an arbitrary
input a and Bob has an arbitrary input b. They intend to
compute a function h with an error probability (3. Denote
the set of two party algorithms using public randomness for
computing the function as Ag. Given an algorithm A € Ag, we
denote the number of bits that Alice and Bob need to exchange
on inputs a and b using algorithm A as Rgc*p"b“c(fl(ot7 b)).
And we define:
cc—public
Ry P
as the minimum number of bits required to be exchanged by
any algorithm for computing h.

We follow a similar approach as in [20], [5] to prove the
lower bound for distributed graph problems via the two-party
communication complexity.

Definition 2. (Cur [20]) Given a graph G = (V, E), a cut
(G, Gy, C) is a partition of G into two disjoint subgraphs
Gy = (Va, Ey) and Gy, = (Vy, ) and a cut Cy C E such
that V. = V,\JV, and E = E,\UEJCk, where | ] means the
disjoint union of two sets. The cut Cj contains ¢, := |Cj]
edges whose two endpoints are in V, and Vj, respectively.

After introducing the “cut” definition, we now give the
connection between the two-party communicaton complexity
and the time complexity of distributed graph problems in the
following:

Theorem 7. ([20]) Let B > 1 and f be any function on
graphs and [’ be the function derived from f. We have

R;c—publiC(f/)

dc—public
QCk .B S Rﬁ (f)a

where Ry ublic( £1 represents the two-party communication
complexity for computing function f’, Rgcip ublic( 1Y repre-
sents the distributed time complexity for computing function
f, ¢k is the number of edges in the cut Cy, and B is the
number of bits each edge can transfer in each round, which

is O(logn) in the CONGEST model.

Definition 3 (Sparse Disjointness Problem). There are two
subsets x and y of set [1,--- ,n], each of which has size k.
Then function DISJF(z,y) equals 1 iff z Ny = 0.

To prove Theorem 6, we construct a graph illustrated
in Fig.2. Given an even number ) whose value will be
decided later, we first create 2M nodes Lq,Lo, --,L; and
R1,Ro,--- Ry We add an edge between each pair L; and
R; where ¢ € 1,2,--- M. Then we choose N subsets
X1,Xo9, -, Xn from L ={Lq,La, -+ ,Lp}, and N subsets
Yl,YQ,"',YN from R = {RhRg,'” ,R]\/[} where |Xl| =
Vil = M.
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Fig. 2. The graph construction for the lower bound of computing random
walk betweenness. In this figure, we set M = 4 and N = 2. Whether the
random walk betweenness of P is z or larger than z depends on the whether
the set X is disjoint to the set Y, i.e., each S; is equal to all T’;. For example,
in this figure, S7 is equal to 77 and 75, and Sz is equal to 77 and 7%, so
X NY = ( and the random walk betweenness of P is the minimum.

Fig. 3. A special case for N = 1, i.e., there is only one node S7 in X and
only one node 77 in Y. And Sp is only connected to L; and 7% is only
connected to Ry, indicating S1 = T1.

Denote X as the union of the subsets X; and Y as the
union of the subsets Y;. For each subset X; (Y;), we denote
it by a node S; (T;) in the graph. When each subset X;
contains an element in L, we create an edge between S; and
the corresponding node L;. When each subset Y; does NOT
contain the element in R, we create an edge between 7; and the
corresponding node R;. Since the cardinality of each subset
X; (Y3) is M/2, M/2 edges will be added between each S;
(T;) and L (R).

Denote S; = T} iff S; is connected to those L, € L whose
corresponding nodes I, € R are connected with T;. Taking
Fig.2 as an example, we say S; = T, since S; is connected
to L; and Ly whose corresponding nodes R; and Ry are
connected with 75. In the middle of the graph, we create two
nodes A and B, which are connected to each other. The node
A (B) also connects with all nodes L (R). Finally, for each
node S; (T;), we create an edge from it to a node P.

Lemma 4. With a graph constructed above, we can verify that
the random walk betweenness bp of node P as:

= {

Proof. Denote random walk betweenness of P is z when X N
Y = (. We first prove that the random walk betweenness of
P gets the minimum value when S; = T; (ie. X NY =) in
the special case where NV = 1, i.e., there is only one node S}
(T1) in the set X (Y'), and there is only one edge between X
and L (Y and R).

XNy =90
otherwise.

z
>z



Fig. 4. The graph with the target node 7% removed. In order to compute the
random walk betweenness of P, the target node 77 can be removed since the
random walks will be absorbed when they arrive at T7.

Lemma 5. bp gets the minimum value when S; = T; in the
special case where N = 1 and there is only one edge between
X and L, so does Y and R.

Proof. As shown in Fig.3, there is only one node Sy (13) in
set X (Y). W.Lo.g., we connect the node S; with L. So T is
connected to R, if S; = T1, or to other node R; where i # 1
in R. Then we will show that the random walk betweenness
of P gets the minimum value when 7} is connected to R;.

We will use the definition to compute the random walk
betweenness of P. First, we remove the node 737 and the
edges connected to it from the graph as shown in Fig.4. To
compute the random walk betweenness of P, we need to sum
the probabilities the random walks reach it and its neighbors
from all the other nodes, then get the result by using Eq.8.
Since after T; is removed, the random walks from all the
other nodes to P must pass through S;. And the degree of S}
is 2, so the probability the random walks reach S; is as twice
as they reach P. By Eq.6, we can compute the random walk
betweenness by the probabilities that the random walks reach
Si.

Comparing the situation 77 connecting to R; with the
situation 7} connecting to other node R; rather than R;, the
differences are the degrees of node R; and R;. In the first
situation, the degrees of R; and R; are 3 and 2 respectively.
And in the second situation, the degrees of R; and R; are
2 and 3 respectively. In these two situations, notice that the
probabilities the random walks reaching S; are different if
they pass through node R; or R; on its journey. And if the
random walks do not pass through R; or R;, the probabilities
they reach S; are the same. Thus we only need to consider
the random walks starting from R; and R;, ending at S;.

Consider the graph without 73 and all edges connecting to
it. Assume a random walk starting at R;, then the probabilities
it appears at node L; and node B are both 1/2 (we do not
take the influence of 73 into account). If a random walk starts
at R; where ¢ # 1, the probabilities it appears at node L; and
node B are both 1/2. Since the probabilities at B are both
1/2 in the next step, we only need to compare the probability
from L; to S7 with the probability from L; to S;. Since all
the paths ending at S; must pass through node L;, except for
those whose source is P or Sp, the probability from L; to
S1 must be larger than the probability from L; to S;. So the
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Fig. 5. A special case that there is one node S7 in X connecting to node
L1, and we want to add a new node Sz into set X connecting to an arbitrary
node in L.

probability a random walk from R; to S; is larger than it from
R; (2 7é 1) to S;.

Now consider the situation in Fig.4. If node 73 is connected
to node R7, then the probability from Ry to T3 is 1/3, i.e., the
probability that a random walk starting at R; is absorbed by
T) is 1/3. Thus the probability that a random walk from R; to
Sy decreases by 1/3. Similarly, if T3 is connected to R;, then
the probability from R; to S; decreases by 1/3. Comparing
these two situations, the probability a random walk reaches
S1 decreases more when T4 is connected to Ry, since the
probability from R; to Sy is larger than R; to S;. Therefore,
node P’s random walk betweenness is the minimum when 7}
is connected with Ry, i.e., when S| = T7. (I

If there is some edge from X to L and we add a new node
S; into X, then we prove that the random walk betweenness
of P will have the minimum value when S; is connected to
L,, which had edge(s) with X before the addition.

Lemma 6. If we add a node S; to set X where X is not
an empty set, the random walk betweenness of P will be the
minimum when S; is connected to a node L, € L which had
edge(s) with X before the addition.

Proof. As shown in Fig.5, w.l.o.g., we assume there has been
a node S7 € X connecting to Ly € L, and we add a node S,
into X. To make the random walk betweenness of P be the
minimum, we will prove S, will be added to connect with L.

Assume there is a random walk starting at each node. Since
the graph is symmetric, the sum probabilities the random walks
ending at each node in L is identical, except for the random
walks starting at S7, Sy and P. Since we have shown we need
to compute the probabilities to S, Sy in Lemma 5, we will
compare the probabilities to them under the two situations: Sy
is connected to L1, and S5 is connected to other node L; € L
where i # 1.

Suppose the sum of probabilities that the random walks
ending at each node in L, except for whose source is Sq, S2
or P, are all equal to p. The probability to S; equals p/3 before
So is added. If S is connected to L1, p will not change since
the random walks whose source is not Si, So and P do not
pass through S or Ss before they reach L;. The probability
to S becomes p/4 since the degree of L; becomes 4, and the
probability to S is also p/4. Then the sum of probabilities to
Sy and Ss is p/2. If So is connected to L; where i # 1, the



probability to 57 is unchanged (p/3), and the probability to
Sy is also p/3. Then the sum of probabilities to S; and Sy is
2p/3, which is larger than the situation when S5 is connected
to Ly. So the random walk betweenness of P will be the
minimum when S; is connected to a node L, € L which had
edge(s) with X before its addition. O

Combining Lemma 5 and Lemma 6, we can deduce that the
random walk betweenness of P gets the minimum value when
all §; =T}, ie, XNY = (). Assume that we have only one
node Sp in set X where Sy is connected M /2 nodes in L. If
we want to get the the minimum random walk betweenness
of P after adding one node to Y, we need to add a node in
Y which is connected to the corresponding nodes in R by
Lemma 5. And if we want to get the the minimum random
walk betweenness of P after adding one node into X, we need
to add a node which is connected to those connected nodes in
L by Lemma 6. So the random walk betweenness of P gets
the minimum value when X NY = 0.

O

In order to determine the value of M and IV, we notice that
when M = O(log N), (1»%2) > N2. So the number of nodes
in the network n = 2N + 2M + 3 = O(N).

Theorem 8. Suppose Alice and Bob both have a set consisting
of N numbers in range {1,2,. .., N2}, if they want to evaluate
whether their sets are disjoint, they need to exchange at least
Q(Nlog N) bits.

Proof. From Definition 3, a disjoint function DISJY. (z,v)
can be derived where z and y are both subsets of {1,2, ..., N2}
with size N. Then we can obtain Rff*p“blic(DISJﬁz)
Q(Nlog N) from [21]. As a result, Alice and Bob need to
exchange (NN log N) bits to evaluate whether = and y are
disjoint. O

Corollary 1. If Alice has a set X = {X1,Xo,--- , Xy} and
Bob has a set Y = {Y1,Ya,--- YN} where both X; (|X;| =
M/2) and Y; (|Y;] = M/2) is a subset of {1,2,..., N*}. In
our graph construction, M = O(log N). If there are any X;
and Y; satisfying X; NY; # 0, then X NY % (. Now if Alice
and Bob want to evaluate whether X N'Y = (), they need to
exchange Q(N log N) bits.

Proof. Since both subsets X; and Y; satisfy | X;| = M/2 and
|Y;| = M/2, we can encode them as a M/2 length binary
sequence where each bit in the sequence indicates whether
the corresponding node is in the subsect or not. For example,
in Fig. 2, the subset X; which corresponds to the node set
{L1, L2} can be encoded as 1100, and the subset Y; which
corresponds to the node set { R3, R4} can be encoded as 0011.
Since both sets X and Y have N subsets X;, the total number
of bits of both X and Y are O(XV log V). Then using Theorem
8, which indicates that Ry "*""*(DISJY,) = Q(Nlog N),
we know Alice and Bob need to exchange at least (N log N)
bits. O
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Finally, we will prove that the lower bound of computing

random walk betweenness is Q(logn + D).

Proof of Theorem 6. Given a graph construction like Fig.2,
we denote the random walk betweenness of P as z when
X NY = (. If there is a distributed algorithm to compute ran-
dom walk betweenness of P, Alice and Bob can simulate the
algorithm under the construction by using the set disjointness
problem. From Theorem 7 we know that

Rgc publw(f/)

dc—public
2¢, - B < B (),

where R ublic( £1) represents the two-party communica-
tion complexity for computing function f’, and Rgc_p ublic  r)
means the distributed time complexity for computing func-
tion f. Notice that in our graph construction like Fig.2,
¢, = M, and R;C_puuw(f’) = Q(n/logn) by Corollary 1
(n = O(N)). Since B = O(logn) (the CONGEST model),
and the time that a message flows from one node to another
node is at most O(D), the time complexity to distributively
compute the random walk betweenness of node P is:

nlogn n

R207PUblic('f) >0 D) — Q(

2logn -logn logn

IX. CONCLUSION

In this paper, by carefully examining the matrix expressions
to compute the random walk betweenness centralities, we find
the two challenges to distributively utilize the matrix expres-
sions under the widely recognized CONGEST model where
each edge can only transfer O(logn) bits in each round where
n is the number of nodes in the network. Then we propose the
first distributed algorithm that overcomes these two challenges.
Our distributed approximation algorithm takes O(n logn) time
and the approximation ratio is (1 — €) where € is an arbitrarily
small constant from O and 1. To our best knowledge, this
is the first non-trivial distributed approximation algorithm
for computing the random walk betweenness of all nodes.
Note that exactly computing random walk betweenness in a
distributed manner might entail a node to collect all the other
nodes’ neighbors information whose time complexity will be
O(m) where m is the number of edges. Besides the linear
time distributed algorithm, we also prove the first non-trivial
Q(% + D) lower bound for distributively computing random
walk betweenness centralities of all nodes where D is the
diameter of the graph.
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